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Abstract
We propose, in the framework of the fluid/gravity correspondence, a definition for a local hori-
zon entropy current for higher-curvature gravitational theories. The current is well-defined to first
order in fluid gradients for general gravity actions with an algebraic dependence on the Riemann
tensor. As a detailed example, we consider five-dimensional Einstein-Maxwell theory with a mixed
gauge-gravitational Chern-Simons term. In this theory, we construct the proposed entropy current
on a charged black-brane background, and show that it has a non-negative divergence. Moreover,
a complete correspondence between the charged black-brane horizon’s dynamics and the hydrody-
namics of an anomalous four-dimensional field theory is established. Our proposed entropy current
is then found to coincide with the entropy current of the anomalous field theory fluid.
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I. INTRODUCTION
The fluid/gravity correspondence relates field theory hydrodynamics to black hole (brane)
dynamics. In the hydrodynamic regime the system is in approximate thermal equilibrium in
each local region, while the parameters of the equilibrium vary slowly between one region and
the next. In a particular setup the fluid/gravity correspondence follows from the AdS/CFT
correspondence (for a review see [1]), when considering the hydrodynamic regime of the
field theory [2]. The essential ingredients needed to relate fluids to gravity are the existence
of a horizon in the gravitational background that is related to a thermal equilibrium state
in the field theory, and a derivative expansion around it [3–5]. Thus, one can define the
relation between fluids and gravity on more general backgrounds, e.g. the Rindler geometry
[6–8]. One can also think about the fluid/gravity correspondence as an extension of black
hole thermodynamics, where charges are upgraded into local currents, and the black hole
entropy [9, 10] into a local entropy current.
The local entropy current in Einstein gravity sµ is a vector density intrinsic to the horizon
[11]. It is directed along its generating light rays, and its flux through a spatial slice of
the horizon gives the area of the slice. In this work we will propose, in the framework
of the fluid/gravity correspondence, a definition for a local horizon entropy current for
higher-curvature gravitational theories. This should be a vector density sµ on the horizon
hypersurface, such that for stationary solutions its flux equals the total Wald entropy [12],
while for non-stationary solutions it satisfies an increase law ∂µs
µ ≥ 0. Our definition
of the entropy current is potentially ambiguous. However, for actions with an algebraic
dependence on the curvature tensor, we will show that current is well-defined to first order
in fluid gradients.
An interesting application is to a five-dimensional Einstein-Maxwell theory with a gauge-
gravitational Chern-Simons term. For completeness, we also include a pure gauge Chern-
Simons term which was already studied in [13]. In this setup, we will construct the proposed
entropy current to first order in gradients on a charged black-brane background, and find
that its divergence is positive.
This particular 5d theory has attracted much interest recently, because it implements
chiral [14, 15] and mixed chiral-gravitational [16–18] anomalies in the dual four-dimensional
field theory. With these anomalies, it has been shown that new, non-dissipative, transport
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coefficients arise [19, 20], which are responsible for the generation of current along magnetic
fields and vortices in the fluid. A particular manifestation of these transport coefficients
(the chiral magnetic effect [21]) was suggested to exhibit charge separation [22] and spin
distribution [23] in heavy ion collisions [24].
To establish fully the fluid/gravity duality between the anomalous QFT hydrodynamics
and Einstein-Maxwell theory with a gauge-gravitational Chern-Simons term, we will analyze
the horizon dynamics along the lines of [13], and obtain the complete fluid equations. We
then find that the entropy current as defined in the hydrodynamics coincides with our
proposed Wald entropy current.
The paper is organized as follows. In section II, we review essential ingredients for the
discussion, including null horizons, the Bekenstein-Hawking entropy current, hydrodynamics
and Wald entropy. In section III, we define our Wald entropy current and study its proper-
ties. In section IV, we consider the Wald entropy current of the 5d Einstein-Maxwell theory
with a gravitational Chern-Simons term. In section V, we establish the duality between
the horizon dynamics in this theory and the hydrodynamics of an anomalous QFT. In the
appendices, we provide the detailed calculations behind the results of sections IV-V.
II. PRELIMINARIES
A. Null horizons
We will be interested in event horizons, or more generally in null hypersurfaces. In the
following, we briefly review some of the required ingredients for our studies. The general
arguments are independent of the dimension, but for concreteness we will refer to a four-
dimensional horizon embedded in a five-dimensional bulk spacetime. This is also the relevant
case for the AdS5/CFT4 correspondence, and for the particular model in sections IV-V. We
denote bulk coordinates by xA, with capital Latin indices. Where relevant, we work in a
coordinate system adapted to the horizon, i.e. we decompose xA = (r, xµ), with the horizon
situated at r = 0. Small Greek indices denote tensors intrinsic to the horizon hypersurface.
The bulk metric is gAB. The tangent covector to the horizon is denoted by ℓA = (ℓr, 0µ).
Since ℓA is null, it has no canonical normalization. However, we can always match its
normalization with the choice of coordinates, so that we have ℓr = 1. Raising the index with
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the inverse metric, we get the normal vector ℓA = gABℓB. Being null, it is also tangent to
the horizon, pointing along its generating lightrays. Therefore, we can restrict the 5d index,
and write ℓµ as an intrinsic 4d vector. Once again, this vector does not have a natural
normalization. It is easy to see that the above conventions fix the following components of
the inverse metric:
grr = 0; grµ = ℓµ . (1)
The bulk metric induces a rich and peculiar geometry on the null horizon. For now, we
only mention the key concept of surface gravity. Given a choice of scaling for ℓA at each
horizon point xµ, it can be shown that the covariant derivative ℓB∇BℓA is again directed
along ℓA. The proportionality coefficient is the surface gravity κ:
ℓB∇BℓA = κℓA . (2)
We stress that κ changes under local rescalings of ℓA. In black hole thermodynamics,
κ = 2πT defines the horizon’s temperature, and is taken to be non-negative.
B. Bekenstein-Hawking entropy current
In this subsection, we briefly review the concept of a local entropy current in Einstein
gravity. We start with the Bekenstein-Hawking formula for the entropy of a horizon in
equilibrium [9, 10]:
S =
1
4
A . (3)
This global area-proportional entropy can always be upgraded into a local current. Indeed,
any null hypersurface is home to a canonical area current JµArea. This is a vector density
intrinsic to the horizon and directed along its generating lightrays. As the name suggests,
its flux through a spatial slice of the horizon gives the area of the slice.
JµArea can be defined as follows [11]. Start with the spacetime volume density
√−g, and
dualize it to obtain the volume form
√−gǫABCDE (we consider 5d spacetime as a generic
example). Now take the pullback of 4 indices into the horizon and contract them with
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ǫµνρσ/4!, where ǫµνρσ is the horizon’s Levi-Civita density. The result is a quantity ΛA with
unit 4d density weight, directed along the tangent covector ℓA. Let us now raise its index
with the spacetime metric. The resulting quantity ΛA is directed along the horizon’s normal.
For a non-null hypersurface, at this point we could have written ΛA =
√
γnA, with nA the
unit normal, thus defining the hypersurface volume density
√
γ. On a null horizon, however,
there is no preferred unit normal. On the other hand, the normal ΛA is now tangent to the
horizon, pointing along its generating lightrays. Thus, we can interpret ΛA directly as an
intrinsic vector density JµArea on the horizon.
By an immediate generalization of (3), we can now define a local entropy current as:
sµ =
1
4
JµArea . (4)
Does this current satisfy a local increase law ∂µs
µ ≥ 0? In general, there is no easy answer.
The quantity ∂µJ
µ
Area is governed by the twice-projected component EABℓ
AℓB of the Einstein
equations. This component is known as the Focusing Equation. When decomposed in terms
of horizon quantities, it reads:
κθ = ℓµ∂µθ +
1
3
θ2 + σ2(H) + 8πTµνℓµℓν . (5)
Here, TAB is the bulk energy-momentum tensor; σ2(H) is the (non-negative) square of the
horizon’s shear tensor; θ = ∂µJ
µ
Area/v is the area expansion rate. The “area density” v is the
coefficient in the collinearity relation JµArea = vℓ
µ; in horizon-adapted coordinates, it’s given
by v =
√−g.
We would like the area production rate ∂µs
µ = vθ/4 to be non-negative. As with the
global entropy increase ∆S ≥ 0 [25], we see from (5) that the answer depends on the null
energy condition TABℓAℓB ≥ 0. However, this is not enough, since the second-derivative term
ℓµ∂µθ can have either sign. This term is related to the fact that an event horizon is defined
not locally, but by boundary conditions at future infinity which ensure that the horizon
is eternal. Indeed, these boundary conditions also play a role in the global area-increase
theorem.
We conclude that in Einstein gravity, a natural entropy current is always defined, but a
local entropy increase law ∂µs
µ ≥ 0 is not always satisfied. In the next subsection, we will
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review an important limit where this law does hold. This (hydrodynamic) limit will occupy
us for the bulk of the paper.
C. The hydrodynamic ansatz in gravity
In non-gravitational systems, an entropy current can be defined in the limit described
by hydrodynamics. This means that the system is in approximate thermal equilibrium in
each local region, while the equilibrium parameters slowly vary between one region and the
next. These local parameters can be encoded by a 4-velocity uµ, an entropy density s,
and optionally also conserved charge densities na. One can also define the energy density
ǫ, the pressure p, the temperature T and the chemical potentials µa. The various thermal
parameters are related by a material-specific equation of state ǫ(s, na), as well as by universal
thermodynamic identities.
A fluid state necessarily requires a separation of scales. On the microscopic side, we
have the scale determined by the temperature and the underlying dynamics, while on the
macroscopic side we have the gradients of the equilibrium parameters. In gravity, such a
separation of scales corresponds to a very large and homogeneous horizon, as compared to
its surface gravity and the full spacetime curvature. Such horizons are easily constructed as
planar black holes in AdS. Other examples are also conceivable, e.g. a Rindler horizon in
Minkowski space.
To begin with, let us write down a gravitational ansatz for a horizon in global equilibrium,
satisfying the required separation of scales. We can do so using a constant Lorentzian metric
hµν and a 4-velocity vector u
µ, with uµu
µ = −1. Here and below, we implicitly raise and
lower 4d indices with hµν , rather than with the gravitational metric gAB. The ansatz for the
gravitational metric in a neighborhood of the horizon reads:
grr = 0; grµ = −uµ; g(0)µν = f(r)Pµν + k(r)uµuν , (6)
where Pµν = hµν + uµuν is the projector orthogonal to u
µ. The coefficient functions f(r)
and k(r) are constrained by the field equations. Note that with general f(r) and k(r), the
ansatz (6) holds not just for Einstein gravity, but for any gravitational action which allows
fluid-like solutions. To describe more general fluids, we may add bulk fields other than the
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metric. Indeed, we will consider a bulk Maxwell field in sections IV-V. The general form
(6) of the metric ansatz is again indifferent to these details. The “(0)” superscript on gµν
stands for “zeroth order”, and anticipates corrections.
The horizon of the solution (6) is located at the value of r where the function k vanishes.
Without loss of generality, we may take this value to be r = 0. The homogeneity of the
solution implies that r = 0 is in fact a Killing horizon. Its Killing normal is given by:
ℓA = (0, uµ); ℓA = (1, 0µ) . (7)
This normalization of ℓA is in accordance with the conventions of section IIA.
The velocity uµ represents the rest frame of the black hole. The nondegenerate metric
hµν can be interpreted as the metric in which the dual fluid lives. In the AdS/CFT context,
it corresponds to the metric on the boundary, where the CFT is defined. The horizon value
f(0) is related to the horizon’s area density (recall that k(0) vanishes):
JµArea =
√−hf(0)3/2uµ . (8)
Thus, the entropy current in Einstein gravity reads:
sµ =
1
4
JµArea =
1
4
√
−hf(0)3/2uµ ≡
√
−hsuµ , (9)
and we see that f(0) is related to the entropy density s:
f(0) = (4s)2/3 . (10)
Similarly, the radial derivative k′(0) is proportional to the horizon’s surface gravity, and thus
to its temperature:
k′(0) = −2κ = −4πT . (11)
Unlike the relations (9)-(10) between area and entropy, eq. (11) holds also for higher-
curvature gravitational actions.
Let us now move on from global equilibrium to one that is local in xµ. We take hµν , u
µ, f
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and k in (6) to depend on xµ with very small ∂µ derivatives. Note that this is in addition to
the explicit dependence of f and k on the radial coordinate r, with derivatives which cannot
be treated as small. Every quantity can now be expanded in powers of the small derivatives
∂µ. We will refer to this power as the “order” of the quantity.
After introducing this dependence on xµ, the ansatz (6) in general no longer solves the
field equations. However, it still solves them at leading order. At higher orders, we must
introduce corrections. By an appropriate choice of coordinates, we can keep the horizon at
r = 0, and also prevent corrections to grr and grµ. For gµν , we will consider only first-order
corrections g
(1)
µν . Since we never use the explicit form of g
(1)
µν in this paper, there is no loss
of generality involved: g
(1)
µν can be understood to contain higher-order corrections as well.
Finally, we fix the velocity variable uµ such that (7) holds exactly, i.e. uµ always points
along the horizon’s null generators. This constrains the metric correction on the horizon:
r = 0 : g(1)µν u
ν = 0 . (12)
In the hydrodynamic limit defined above, the entropy current (4) of Einstein gravity does
have a local non-negative divergence. To see this, let us consider the focusing equation (5)
order by order. Note that the horizon’s shear and expansion parameters σ(H), θ necessarily
contain at least one ∂µ gradient. Then at first order, eq. (5) reads:
κ(0)θ(1) = 8πT (1)AB ℓAℓB = 0 . (13)
The last equality follows from our null-energy assumption TABℓAℓB ≥ 0, since it’s impossible
to write a non-vanishing positive-definite expression with one ∂µ gradient. Thus, at first order
the entropy production rate ∂µs
µ ∼ θ vanishes. This is always the case with leading-order
hydrodynamics, known as the “ideal fluid” limit. At second order, the focusing equation
reads, using θ(1) = 0:
κ(0)θ(2) = (σ
(1)
(H))
2 + 8πT (2)AB ℓAℓB ≥ 0 . (14)
As promised, at the leading nontrivial order, we see a non-negative local entropy production
rate ∂µs
µ ∼ θ. The problematic term ℓµ∂µθ fell away due to the small-derivative expansion.
In general, it’s not guaranteed that the next-order contributions to ∂µs
µ will also be non-
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negative. However, in AdS/CFT, where the metric corrections are controlled by the AdS
boundary conditions, positivity does hold at the next order; see e.g. [26].
D. Wald entropy
Wald proposed a definition [12] for a notion of horizon entropy in general theories of
gravity. The definition applies to stationary black holes in equilibrium, where the horizon’s
normal ℓA (with a suitable choice of normalization) is part of a Killing vector field. The
entropy is identified with the Noether charge associated with transport along this Killing
field. The local nature of diffeomorphism invariance then allows us to express this quantity
as a local integral over a spatial slice of the horizon.
In the present paper, we consider gravity coupled to gauge fields. We limit ourselves to
Lagrangians of the form L(gAB, RABCD, AA, FAB), with an arbitrary algebraic dependence
on the Riemann tensor and the field strength. We do not exclude direct dependence on the
gauge potential AA, to allow for Chern-Simons terms. In this setup, the rank-2 “Noether
potential” QAB for diffeomorphisms along ℓA is given by [27, 28]:
QAB = −2LABCD∇CℓD + 4ℓD∇CLABCD , (15)
where LABCD ≡ ∂L/∂RABCD is the derivative of the Lagrangian with respect to the Riemann
tensor. QAB is antisymmetric and carries unit density weight. To be precise, in the presence
of gauge fields, (15) is the Noether potential for “gauge-covariant” diffeomorphisms, where
together with xA → xA+αℓA we perform the gauge transformation AA → AA−∂A(αℓBAB).
If we considered instead “pure” diffeomorphisms, (15) would have contained an additional
gauge-dependent term of the form ℓCAC · ∂L/∂FAB .
The horizon entropy is now given by an integral of QAB over a spatial slice of the horizon:
S =
2π
κ
∫
QABdΣAB =
1
T
∫
QABdΣAB , (16)
where κ is the surface gravity associated with the horizon normal ℓA. In Einstein gravity,
we have LABCD = (√−g/32π)(gACgBD − gADgBC), and eq. (16) recovers the Bekenstein-
Hawking entropy (3). We note that when calculating the entropy of stationary horizons, the
second term in (15) doesn’t contribute to the integral [27], and may be omitted. However, as
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we’ll see in section IV, this term is important for the positive divergence of a local entropy
current in non-stationary solutions.
III. WALD ENTROPY CURRENT
A. Definition and possible ambiguities
We would like to define a local current for the Wald entropy (16). More precisely, we’re
looking for a vector density sµ on the horizon hypersurface, such that for stationary solutions
its flux equals the total entropy, while for non-stationary solutions it satisfies ∂µs
µ ≥ 0. The
expression (16) for the total entropy suggests an obvious candidate, which is the definition
we adopt:
sµ =
2π
κ
Qµr . (17)
This formula is written in the horizon-adapted coordinates of section IIA. In coordinate-
free terms, Qµr is the flux of the 5d antisymmetric density QAB through the horizon. The
result is a vector density on the horizon, with unit 4d density weight. In form language, this
operation of taking the flux can be described in three steps:
1. Dualize QAB into a 3-form.
2. Pullback this form into the horizon.
3. Dualize back within the horizon geometry, resulting in a rank-1 (vector) density.
Thus, we’ve defined an intermediate step between the Noether potential QAB and the global
entropy (16). In (16), a scalar density was obtained by taking the flux of QAB through a
codimension-2 surface (the spatial slice Σ). In our definition (17), we obtain a vector density
by taking the flux through the codimension-1 horizon. It’s clear that for a stationary solution,
taking the flux again with respect to the remaining index will bring us back to the scalar
entropy (16).
The definition (17) can be considered for any gravitational action. Here, we will work out
its consequences for “algebraic” Lagrangians of the form L(gAB, RABCD, AA, FAB), where
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QAB is given by the formula (15). Using (15) and decomposing into radial and tangential
components, (17) can be written more explicitly as:
sµ =
2π
κ
(−2Lµrνr(∇νℓr −∇rℓν) + 4ℓr∇νLµrνr) . (18)
To arrive at this simplified expression, we used the antisymmetry LABCD = −LABDC and
the relations ℓµ = 0 and ∇[µℓν] = 0 on the horizon. The former relation is due to the horizon-
adapted coordinates, while the latter follows from Frobenius’ theorem ℓ[A∇BℓC] = 0. We
left the magnitude of ℓr in (18) arbitrary, to exhibit explicitly the dependence on the scaling
of ℓA without entangling it with the choice of coordinates.
For non-equilibrium solutions, the definition (17)-(18) is ambiguous, and we do not see
a way to resolve the ambiguity generically. For Einstein gravity however, this can be done,
as we will describe in section IIIB. In higher-curvature theories, we must restrict ourselves
to the hydrodynamic limit. There, at least for actions with an algebraic dependence on the
RABCD, the ambiguities can be resolved at the first non-trivial order in small gradients.
The reason for the ambiguity is that we no longer have a Killing vector field. Therefore,
we must ask ourselves what exactly is meant by ℓA and κ in (18). It is natural to insist
that ℓA remains normal to the horizon, and that κ remains the surface gravity associated
with ℓA. It remains to determine the local scaling of ℓA on the horizon r = 0, as well as its
behavior at r 6= 0. The latter is relevant due to the ∇rℓν contribution to the first term in
(18). For an unambiguous definition of sµ, we must either find a way to fix these freedoms
or show that they are irrelevant.
We note that the definition (18) is invariant under global rescalings of ℓA: the explicit
factor of ℓA is canceled against the implicit factor in κ in the denominator. This was of
course already necessary for an unambiguous definition of the global entropy. Thus, any
possible ambiguities arise from derivatives of ℓA. This includes the explicit derivatives in
the parentheses, as well as the implicit derivative contained in κ.
B. Weak Killing condition
As a necessary prerequisite, let us now ensure that our definition (18) coincides with the
Bekenstein current (4) for Einstein gravity. In the process, we will fix some of the freedom in
12
the choice of ℓA. Having convinced ourselves in the previous subsection that sµ is invariant
under global rescalings of ℓA, we use the coordinate freedom to set ℓr = 1, and look for
ambiguities only in derivatives of ℓA.
For the Einstein-Hilbert Lagrangian, we have:
Lµrνr =
√−g
32π
(gµνgrr − gµrgrν) =
√−g
32π
(0− ℓµℓν) = −
√−g
32π
ℓµℓν , (19)
∇νLµrνr = 0 , (20)
sµ =
1
8κ
√−gℓµℓν(∇νℓr −∇rℓν) . (21)
Here we encounter a problem. For stationary solutions, the ∇rℓν derivative in (21) could
be related to the ∇νℓr derivative via the Killing condition ∇AℓB = −∇BℓA. To make the
expression (21) unambiguous, we must find a substitute for this constraint.
At each point on the horizon, we can fix one degree of freedom for the local scaling of ℓA,
plus 5 degrees of freedom for the radial derivative ∇rℓA. Of course, these are not enough to
force the full Killing condition ∇AℓB = −∇BℓA. They are enough to force ∇rℓν = −∇νℓr,
but unfortunately this condition is not covariant: the restriction of a 5d lower index to the
value r depends on the choice of coordinates outside the horizon. The way out is to force
the following covariant condition, given by contracting the Killing condition with ℓB:
ℓB(∇AℓB +∇BℓA) = 0 . (22)
The µ-component of this condition is in fact an identity:
ℓB(∇µℓB +∇Bℓµ) = 1
2
∇µ(ℓBℓB) + κℓµ = 0 + 0 = 0 , (23)
while the r-component takes the form:
ℓµ(∇rℓµ +∇µℓr) = 0 . (24)
Thus, our condition eats up just one degree of freedom, relating ∇r(ℓAℓA) with the surface
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gravity. Eq. (21) now becomes:
sµ =
1
4κ
√−gℓµℓν∇νℓr = 1
4κ
√−gℓµκℓr = 1
4
√−gℓµ . (25)
In our horizon-adapted coordinates, this coincides with the standard definition (4).
C. Non-ambiguity at first order
Returning to higher-curvature theories, let us consider the entropy current (18) in the
hydrodynamic limit described in section IIC. The current and its ambiguities can now be
examined order by order in gradients. We can expect better behavior in this limit than in
the general case, because ℓA is now almost a Killing vector.
At zeroth order, ℓA is a Killing vector, and therefore sµ(0) is well-defined. Now, the
only available 4d vector at zeroth order is uµ. Thus, sµ(0) is always directed along uµ, i.e.
along the horizon’s null generators. The only nontrivial content of sµ(0) is therefore its
magnitude, which is already captured by the scalar area density QABdΣAB. This result is
in line with the general rule that the leading-order hydrodynamics is completely determined
by the thermodynamics. Another point of view is that at zeroth order, our Wald entropy
current is simply a rescaled version of the Bekenstein current (4), which always points along
the null generators.
Thus, the first-order entropy current sµ(1) is where we should start looking for nontrivial
local information. Here the issue of ambiguities becomes relevant. Once again, we set ℓr = 1.
Expanding each piece of (18) in small gradients, the ambiguous contribution at first order
reads:
s
µ(1)
ambig. = 2π
(
−2Lµrνr(0)
(
1
κ
(∇νℓr −∇rℓν)
)(1)
+ 4
(
1
κ
)(1)
∇νLµrνr(0)
)
. (26)
It is known [27] that for stationary horizons, the ∇νLµrνr term (more generally, the term
with no factors of ∇[AℓB]) vanishes. The proof is based on the existence of a bifurcation
surface in the horizon’s past [29]. Now, the zeroth order in fluid gradients is locally the
same as the stationary solution, so for non-stationary solutions we still have ∇νLµrνr(0) = 0.
Therefore, the second term in (26) doesn’t contribute. It remains to consider the first term.
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This requires us to discuss the zeroth-order quantity Lµrνr(0). The only available rank-2
tensors at zeroth order are uµuν and the transverse projector P µν . Thus, Lµrνr(0) must take
the form:
Lµrνr(0) = C1uµuν + C2P µν , (27)
The longitudinal coefficient C1 determines the Wald entropy of a stationary solution. The
coefficient C2 can be shown to vanish, using ∇νLµrνr(0) = 0. To demonstrate this, we
will need the zeroth-order Christoffel symbols at r = 0 derived from the metric (6). The
non-vanishing Christoffel symbols read:
Γr(0)rµ = −
1
2
k′uµ; Γ
µ(0)
rν =
f ′
2f
P µν ; Γ
µ(0)
νρ = −
1
2
uµ(f ′Pνρ + k
′uνuρ) . (28)
Note that the Christoffel symbols arise from the radial derivatives of the coefficient functions
f and k, which are not small. The vanishing condition for ∇νLµrνr(0) can now be written
as:
0 = ∇νLµrνr(0)
= Γ
µ(0)
νA LArνr(0) + Γr(0)νA LµAνr(0) + Γν(0)νA LµrAr(0) + Γr(0)νA LµrνA(0) − ΓA(0)Aν Lµrνr(0)
= Γµ(0)νρ Lρrνr(0) + Γr(0)νr Lµrνr(0) + Γν(0)νρ Lµrρr(0) + Γr(0)νr Lµrνr(0) − 0
= −3
2
f ′C2u
µ .
(29)
This establishes that C2 = 0. The remaining (first) term in (26) can now be written as:
s
µ(1)
ambig. = − 4πC1ℓµ
(
1
κ
ℓν(∇νℓr −∇rℓν)
)(1)
. (30)
Just like in section IIIB, we can now force ℓν∇rℓν = −ℓν∇νℓr by imposing the weak Killing
condition (22) at first order. We are left with:
s
µ(1)
ambig. = − 8πC1ℓµ
(
1
κ
ℓν∇νℓr
)(1)
= −8πC1ℓµ
(κ
κ
)(1)
= 0 . (31)
We conclude that the Wald entropy current (18) is well-defined at first order.
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D. Curvature-squared theories
In the previous subsection, we presented a formal argument for the vanishing of the
transverse coefficient C2 in (27). This was necessary to demonstrate that our entropy current
is well-defined at first order. As a consistency check, we will now explicitly show that this is
the case for curvature-squared Lagrangians. For a given solution, the condition C2 = 0, i.e.
Lµrνr(0) ∼ uµuν , is linear in the Lagrangian. We can therefore check it for each Lagrangian
term separately. The Einstein-Hilbert and cosmological terms satisfy the condition, as we’ve
seen in section IIIB. The most general quadratic terms take the form:
L1 =
√−gRABCDRABCD; L2 =
√−gRABRAB; L3 =
√−gR2 . (32)
Their derivatives with respect to the Riemann read:
LABCD1 = 2
√−gRABCD
LABCD2 =
1
2
√−g(RACgBD − RADgBC −RBCgAD +RBDgAC)
LABCD3 =
√−gR(gACgBD − gADgBC) .
(33)
The relevant components for the question of ambiguities are Lµrνr:
Lµrνr1 = 2
√−gRµrνr
Lµrνr2 =
√−g
2
(Rµνgrr − Rµrgrν −Rrνgµr +Rrrgµν)
Lµrνr3 =
√−gR(gµνgrr − gµrgrν) .
(34)
Let us now evaluate these quantities at zeroth order. We will need the volume density,
the inverse metric and the Riemann tensor derived from the zeroth-order ansatz (6). The
volume density is
√
−g(0) = √−hf 3/2. The inverse metric on the horizon reads:
g(0)rr = 0; g(0)rµ = uµ; g(0)µν =
1
f
P µν , (35)
while the independent nonvanishing components of R
(0)
ABCD read:
R(0)rµrν =
1
2
((
f ′2
2f
− f ′′
)
Pµν − k′′uµuν
)
; R(0)rµνρ =
1
2
f ′k′Pµ[νuρ] . (36)
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Plugging this into (34), we get:
Lµrνr(0)1 = 2
√
−hf 3/2Rµrνr(0) = −
√
−hf 3/2k′′uµuν
Lµrνr(0)2 =
1
2
√
−hf 3/2
(
0− 2u(µRν)r(0) + 1
f
P µνRrr(0)
)
= −1
2
√
−hf 3/2
(
k′′ +
3f ′k′
2f
)
u(µuν) + 0 = −1
2
√
−hf 3/2
(
k′′ +
3f ′k′
2f
)
uµuν
Lµrνr(0)3 =
√−hf 3/2(0− uµuν)R(0) = −√−hf 3/2
(
k′′ +
3f ′k′
f
)
uµuν ,
(37)
and we find Lµrνr(0) ∼ uµuν as expected.
IV. EINSTEIN-MAXWELL THEORYWITHGAUGE-GRAVITATIONAL CHERN-
SIMONS TERM
In section IIIC, we’ve seen that our proposed Wald entropy current is well-defined to
first order in gradients for a class of higher-curvature theories. As the next step, we wish
to examine the validity of the local Second Law ∂µs
µ ≥ 0 in a higher-curvature setup. It
turns out that this task is relatively simple in a 5d theory of gravity coupled to gauge fields,
with the higher-curvature effect coming from a mixed gauge-gravitational Chern-Simons
term. The reason for the simplification is that in this setup, the higher-curvature term
doesn’t affect the ideal hydrodynamics, and only shows up in the next (viscous) order in the
gradient expansion.
As explained in the Introduction, the hydrodynamics associated with this bulk theory
is interesting in its own right. The gauge and gauge-gravitational Chern-Simons terms in
the bulk action correspond to chiral and chiral-gravitational triangle anomalies in the QFT
underlying the fluid.
We will find that our proposed entropy current for this theory is indeed locally increasing
at leading order. Furthermore, we will find that it coincides with the hydrodynamic entropy
current in the full fluid/gravity correspondence.
In this section, we specialize to a fluid living in a flat Minkowski metric, i.e. we set
hµν = ηµν . This does not involve a loss of generality. Indeed, it can be shown from index
symmetries that the axial Chern-Simons terms cannot introduce into our calculations a
contribution from the curvature tensor Rµνρσ associated with the metric hµν . That such
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contributions do not come from other terms in the action was already established in [13].
A. Entropy current
In this subsection, we calculate our proposed entropy current (18) for the aforementioned
Einstein-Maxwell theory with Chern-Simons terms, up to first order in gradients. We start
with the usual Einstein-Maxwell Lagrangian, supplemented with pure gauge and mixed
gauge-gravitational Chern-Simons terms:
L = 1
16π
(√−g (R− 2Λ− FABFAB)
+2ǫABCDEAaA
(
4
3
κabcF
b
BCF
c
DE + λaRBCK
LRDEL
K
))
.
(38)
This is the same as eq. (2.6) in [17], except that Λ is replaced with −Λ, and F aAB is divided
by 2 to agree with the normalization conventions of [13].
To find the Wald entropy current for this Lagrangian, we write down its derivative with
respect to the Riemann tensor:
LABCD ≡ ∂L
∂RABCD
= LABCDe.h. + LABCDc.s.
=
1
16π
(√−ggA[CgD]B − 2λaAaK (ǫKLMABRLMCD + ǫKLMCDRLMAB)) .
(39)
The λa term satisfies the A ↔ B and C ↔ D antisymmetries and the (AB) ↔ (CD)
symmetry of the Riemann tensor, but not the Bianchi symmetry. The latter will prove
immaterial to our definition of the entropy current. We can enforce the Bianchi symmetry
by redefining LABCD → LABCD−L[ABCD]. However, we will see in a moment that the extra
L[ABCD] term does not contribute to the definition of the entropy current.
Our entropy current was defined in section IIIA to be:
sµ =
2π
κ
(−2Lµrνr(∇νℓr −∇rℓν) + 4ℓr∇νLµrνr) . (40)
Since this definition is linear in LABCD, it is enough to show that an antisymmetrized L[ABCD]
term does not, by itself, contribute to the entropy current. This is so, because both Lµrνr
and ∇νLµrνr vanish when antisymmetrized over the two identical r indices.
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Due to its linearity in Lµrνr, we can separate the entropy current into two parts:
sµ = sµe.h. + s
µ
c.s. , (41)
where sµe.h. is the part of the entropy current coming from the Einstein-Hilbert part of the
Lagrangian, and sµc.s. is the part arising from the Chern-Simons terms. The Einstein-Hilbert
part sµe.h. is given in (9). In a flat metric hµν = ηµν , it simplifies into:
sµe.h. = su
µ . (42)
In general, we define the entropy density s as the norm of the entropy current under the flat
metric. As we will see, the Chern-Simons contribution sµs.c. is first-order in gradients and
transverse to uµ. Therefore, it doesn’t affect the entropy density at first order.
We now turn to the higher-curvature contribution sµc.s.. Using the zeroth-order hydrody-
namic ansatz (6) and the Christoffel symbols found in (28), one can find by direct calculation
that R
(0)
µν
ρr = 0, and therefore Lµrνr(0)c.s. = 0. From the discussion in section IIIC, it follows
that there is no zeroth-order contribution s
µ(0)
c.s. to the entropy current from the Chern-Simons
term. Our task, therefore, is to calculate the first-order contribution s
µ(1)
c.s. .
Before we get started, we must explicitly introduce the gauge potential AaA into our
hydrodynamic ansatz. By a choice of gauge, we can force Aar = 0 everywhere at all orders.
With this choice, the zeroth-order gauge potential in the vicinity of the horizon reads:
Aa(0)µ = a
a(r, xµ)uµ . (43)
The horizon value aa(0, xµ) = −µa(xµ) encodes the horizon’s chemical potential, while the
radial derivative a′a(0) = πna/s is proportional to the charge density na (cf. [13]).
Alongside the metric corrections g
(1)
µν which were discussed in section IIC, we must also
consider corrections A
a(1)
µ to the gauge potential (43). It turns out, however, that neither
type of correction affects the entropy current sµc.s.. To evaluate it, we will need the Riemann
components:
R(1)µν
ρr =
1
2
uρ∂µ(k
′uν) +
k′
4
uν
[
2P ρσ∂(σuµ) +
1
f
P ρµu
δ∂δf
]
− (µ↔ ν) . (44)
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From these we calculate:
Lµrνr(1)c.s. = −
λa
8π
A
a(0)
K
(
ǫKLMµrR
(1)
LM
νr + ǫKLMνrR
(1)
LM
µr
)
= − k
′
4π
λaa
aǫκρσ(µuν)uκ∂ρuσ =
k′
2π
λaa
aω(µuν) ,
(45)
where the vorticity field ωµ is defined as ωµ = 1
2
ǫµνρσuν∂ρuσ.
We can now calculate the Lµrνr(1)c.s. (∇νℓr−∇rℓν)(0) piece of sµc.s. (see (40)). At zeroth order,
the horizon normal ℓA = (0, uµ) satisfies the full Killing condition ∇AℓB = −∇BℓA. Using
this, we get:
Lµrνr(1)c.s. (∇νℓr −∇rℓν)(0) = 2Lµrνr(1)c.s. (∇νℓr)(0) = −2Lµrνr(1)c.s. Γr(0)νr = −
k′2
4π
λaa
aωµ , (46)
where we plugged in the Christoffel symbols from (28).
We now turn to the second piece of sµc.s., which is proportional to:
∇νLµrνrc.s. =∂νLµrνrc.s. + ΓµνρLρrνrc.s. + ΓrνALµAνrc.s. + ΓννρLµrρrc.s. + ΓrνALµrνAc.s. − ΓAAνLµrνrc.s.
=∂νLµrνrc.s. + ΓµνρLρrνrc.s. + ΓrναLµανrc.s. + ΓrνrLµrνrc.s. + ΓrναLµrναc.s. .
(47)
As expected, at zeroth order this expression vanishes, since both Γ
r(0)
µν and Lµrνr(0)c.s. vanish.
To obtain the first-order expression, we need the quantity:
Lµνρr(0)c.s. = −
λa
8π
A
a(0)
K
(
ǫKLMµνR
(0)
LM
ρr + ǫKLMρrR
(0)
LM
µν
)
= −λaa
a
8π
uκ
(
−2ǫκσµνR(0)rσ ρr + ǫκλσρR(0)λσ µν
)
= − f
′k′
16πf
λaa
aǫκρµνuκ ,
(48)
where we used the Riemann components:
R(0)µν
ρσ =
f ′k′
4f
uµ(u
σP ρν − uρP σν )− (µ↔ ν)
R(0)rµ
νr =
1
2
k′′uµu
ν − f
′k′
4f
P νµ .
(49)
We note that Lµνρr(0)c.s. in (48) is antisymmetric in all its Greek indices, so the corresponding
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terms in (47) vanishes. We are left with:
(∇νLµrνrc.s. )(1) =Γµ(0)νρ Lρrνr(1)c.s. + Γr(0)νr Lµrνr(1)c.s. = 0−
k′2
4π
uνλaa
aω(µuν) =
k′2
8π
λaa
aωµ . (50)
Plugging (46) and (50) into (40), we finally get:
sµ(1)c.s. =
2π
κ
(
k′2
2π
λaa
aωµ +
k′2
2π
λaa
aωµ
)
= −16πTλaµaωµ , (51)
where we used eq. (11) to relate k′ to the temperature at zeroth order. Thus, the final result
for the Wald entropy current reads:
sµ = sµe.h. + s
µ
c.s. = su
µ − 16πTλaµaωµ . (52)
B. The entropy production rate
As we recall from the beginning of the section, our goal is to demonstrate that the
proposed Wald entropy current for the theory (38), which we evaluated as (52), has a non-
negative divergence.
As discussed in section IIB, the divergence of the area current JµArea =
√−gℓµ = 4suµ is
governed by the focusing equation (the twice-projected component of the Einstein equation
EABℓ
AℓB). In section IIC, we used the detailed form of the focusing equation (5) in Einstein
gravity to prove that the local divergence of the entropy current (4) is non-negative at leading
nontrivial order in the hydrodynamic expansion.
When we add gauge-gravitational Chern-Simons terms to the Lagrangian, the Einstein
equations get an extra contribution. This leads to new contributions to the focusing equa-
tion, which will allow us to prove that the entropy current (52) satisfies a local increase
law.
We start from the Einstein equation derived by varying (38) with respect to the metric:
√−g (GBA + ΛδBA) = √−g
(
2F aACF
BC
a −
1
2
F 2δBA
)
+ 2λa
(
gACg
BD + δBC δ
D
A
)
ǫCKLMN∇E
(
F aKLRMND
E
)
.
(53)
This is the same as eq. (2.16) in [17], except that (as mentioned before) F aAB is divided
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by 2, and Λ is replaced with −Λ.
When projected twice along ℓA, the first row of (53) gives us the focusing equation (5)
times
√−g, with the matter stress tensor TAB = (1/4π)
(
F aACF
BC
a − 14F 2δBA
)
(which satisfies
the null energy condition).
In appendix A, we calculate the contribution of the second line of (53) to the focusing
equation. This turns out to vanish at zeroth and first order in derivatives. The second-order
contribution reads:
new term(2) = 2λaℓ
AℓB
(
gACg
BD + δBC δ
D
A
)
ǫCKLMN∇E
(
F aKLRMND
E
)
= 2λau
α (gαCδ
r
D + δ
r
CgDα) ǫ
CKLMN∇E
(
F aKLRMN
DE
)
= 64λaπ
2Tǫκλµν∂κ(µ
auλ)∂µ(Tuν) = 128λaπ
2T∂ν(µ
aTων) .
(54)
Thus, at first order the focusing equation (13) remains unchanged, and we still have
θ(1) = 0. Using this, the second-order focusing equation reads:
κ(0)θ(2) = (σ
(1)
(H))
2 + 8πT (2)AB ℓAℓB +
1√−g128λaπ
2T∂ν(µ
aTων) , (55)
where θ = ∂µJ
µ
Area/
√−g = 4∂µ(suµ)/√−g. After a short rearrangement, the focusing
equation becomes:
∂µ (su
µ − 16πλaµaTωµ) =
√−g
8πT
[
(σ
(1)
(H))
2 + 8πT (2)AB ℓAℓB
]
≥ 0 . (56)
We have thus demonstrated that our proposed entropy current (52) is indeed locally increas-
ing.
V. ANOMALOUS HYDRODYNAMICS FROM HORIZON DYNAMICS
A. Introduction
We’ve seen that a horizon projection of the Einstein equations in a hydrodynamic limit of
the higher-curvature theory (38) encodes the local increase of the Wald entropy current (52).
In this section, we will demonstrate that a broader selection of the horizon-projected field
equations encodes the full equations of charged (anomalous) hydrodynamics. Our proposed
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Wald entropy current then corresponds precisely to the entropy current as defined in the
hydrodynamics.
The present result extends our previous calculations [13] without the higher-curvature
Chern-Simons term. As in [13], the exact correspondence between the horizon field equations
and hydro equations only holds under certain constraints on the corrections g
(1)
µν , A
(1)
µ to the
fluid ansatz. In AdS/CFT, these constraints are enforced by the boundary conditions at
infinity. Apart from assuming the constraints, our horizon-based method does not require
detailed knowledge of the corrections, because the same hydrodynamics emerges for all valid
choices of g
(1)
µν and A
(1)
µ . In particular, in an AdS/CFT context, the hydrodynamics which
we find from the horizon analysis will be the same as the one on the AdS boundary.
The discussion thus far has been driven by the concept of a Wald entropy current. How-
ever, the hydrodynamics arising from the theory (38) is of interest in a broader context. The
λa term in the bulk action generates a peculiar vortical conductivity term J
µ ∼ T 2ωµ, gen-
erating currents along the vortices in the 4d fluid. It is conjectured [17, 18] that such terms
are directly related to mixed chiral-gravitational anomalies in the QFT underlying the fluid.
In particular, the authors of [17] have established this relation in a specific AdS/CFT setup.
There, the 4d hydrodynamics is embedded in a conformal field theory on the 4d boundary
of the AdS space. The bulk Chern-Simons coefficients κabc, λa correspond respectively to
chiral and mixed chiral-gravitational anomalies in the CFT. The precise relation is given by
eqs. (2.9)-(2.14) in [17] (for the conventions in the definition of the anomaly coefficients, see
eqs. (30)-(32) in [18]):
κabc = − 1
4π
[tr(Ta{Tb, Tc})R − tr(Ta{Tb, Tc})L] (57)
λa = − 1
48π
[tr(Ta)R − tr(Ta)L] , (58)
where Ta are the generators of the global symmetry group under which the chiral fermions
in the CFT transform. The authors of [17] then derived the relation between the λa Chern-
Simons term and the coefficient of the vortical conductivity term, thus relating the latter
to the chiral/gravitational anomaly. Our calculation below generalizes the results of [17] on
the relation between the bulk Chern-Simons term and the fluid’s vortical conductivity. We
derive the result for a more general fluid/gravity ansatz, which allows in particular for an
arbitrary (not necessarily conformal) equation of state.
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B. Hydrodynamics from the horizon field equations
We will now detail the relation between the horizon field equations and hydrodynamics. In
particular, we wish to recast the field equations into the form of hydrodynamic conservation
laws. From these one can later extract an entropy current. We begin by writing down the
Einstein and Maxwell field equations as derived from the Lagrangian (38):
√−g (GBA + ΛδBA) = √−g
(
2F aACF
BC
a −
1
2
F 2δBA
)
+ 2λa
(
gACg
BD + δBC δ
D
A
)
ǫCKLMN∇E
(
F aKLRMND
E
) (59)
∂B
(√−gFABa ) = ǫAKLMN
(
2κabcF
b
KLF
c
MN +
λa
2
RKLC
DRMND
C
)
. (60)
These correspond to eqs. (2.16)-(2.17) in [17].
The horizon projection of these equations without the λa terms was studied previously in
[13]. We briefly summarize the results. Writing eqs. (59)-(60) symbolically as EBA and M
A
a ,
the relevant components for the hydrodynamics are Erµ and M
r
a , evaluated on the horizon.
Then, to second order in small gradients, certain linear combinations of these equations
take the form of hydrodynamic conservation laws for a stress tensor T µν and a set of charge
currents Jµa :
− 1
8π
Erµ +
1
4π
µauµM
r
a ⇒ ∂νT νµ = 0
1
4π
M ra ⇒ ∂µJµa = 0 .
(61)
More precisely, the field equations take the form (section V in [13]):
Erµ : −8π(∂νT νµ − µauµ∂νJνa ) = ∆µ + 8suν∂[µc(1)ν] + 16πnauν∂[µAa(1)ν] (62)
M ra : 4π∂µJ
µ
a = 0 . (63)
The equations depend on the corrections to the fluid/gravity ansatz (6),(43) through
the gauge field correction A
a(1)
µ and the extrinsic curvature quantity c
(1)
µ ≡ −Γν(1)µρ uνuρ =
− (1/2)uν(∂νuµ + g′(1)µν ), which appear on the RHS of (62). The ∆µ in (62) stands for
additional terms, which do not fit into the conservation-law template on the LHS, but which
can be canceled by an appropriate choice of the corrections g
′(1)
µν uν and A
a(1)
µ (or equivalently,
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c
(1)
µ and A
a(1)
µ ). With such a choice, we recover the conservation laws in (61).
As explained in [13] (see the text surrounding eqs. (V.60)-(V.61)), the correction terms
cannot themselves produce a contribution to the divergence ∂νT
ν
µ . Thus, despite the re-
maining freedom in choosing the corrections, there is no ambiguity in the stress tensor T νµ
and the charge currents Jµa , which define the hydrodynamics.
As calculated in [13] (eqs. (V.21),(V.18),(III.20),(V.63)), the stress tensor and charge
currents in (61)-(63) are given by the constitutive relations:
T µν = ǫuµuν + pP µν − s
2π
πµν − 2Tµaσ˜abu(µP ν)ρ∂ρµ
b
T
− 16
3π
κabcµ
aµbµcu(µων) , (64)
Jµa = nau
µ − T σ˜abP µν∂ν µ
b
T
− 4
π
κabcµ
bµcωµ , (65)
σ˜ab =
s1/3
24/3π
(
δab − µanb
ǫ+ p
)
. (66)
In (64) and (66), the energy density ǫ and the pressure p are derived from the potentials and
densities T, µa, s, n
a on the horizon via thermodynamic identities, after assuming an equation
of state. πµν is the shear tensor of the fluid’s velocity, πµν ≡ P µρP νσ∂(ρuσ) − (1/3)P µν∂ρuρ.
σ˜ab is a conductivity matrix.
These equations define charged relativistic hydrodynamics, with vanishing bulk viscosity
and special values for the shear viscosity and for the charge conductivity. The κabc term
corresponds to chiral anomalies in the underlying QFT. The constitutive relations (64)-(65)
are written in a slightly nonstandard form, since our velocity variable uµ is neither the energy
velocity nor the charge velocity of the fluid. In fact, the horizon normal uµ corresponds to
the fluid’s entropy velocity. This will no longer be the case once the higher-curvature λa
terms are included.
Our present goal is to find how the above equivalence to hydrodynamics is modified in the
presence of the gauge-gravitational Chern-Simons term λa in the field equations (59)-(60).
The λa terms on the RHS of the field equations are evaluated in appendices B and C,
and read:
δErµ = −64π2λaTuµǫνρσλ∂ν(µauρ)∂σ(Tuλ)− 16λasuν∂[µ
(
Qa
s
ων]
)
(67)
δM ra = 16π
2λaǫ
µνρσ∂µ(Tuν)∂ρ(Tuσ) , (68)
25
where the function Qa ≡ f 2(k′aa/f)′ in the second term in (67) is unfortunately not express-
ible in terms of the thermal parameters T, µa, s, n
a. However, we can see from (62) that this
function can be tuned arbitrarily by further adjusting the first-order corrections c
(1)
µ (the
A
(1)
µ term can also fulfill this purpose). Thus, by an appropriate choice of corrections, we
can turn eqs. (67)-(68) into:
δErµ = −64π2λaTuµǫνρσλ∂ν(µauρ)∂σ(Tuλ) + 256π2λasuν∂[µ
(
µaT 2
s
ων]
)
(69)
δM ra = 16π
2λaǫ
µνρσ∂µ(Tuν)∂ρ(Tuσ) . (70)
With this choice of the second term in (69), the equivalence (61) to hydrodynamic conser-
vation laws is maintained. This is demonstrated in appendix D. The constitutive relations
(64)-(65) for the stress tensor and charge currents acquire the following extra contributions:
δT µν = −32πλaµaT 2u(µων)
δJµa = −8πλaT 2ωµ.
(71)
For comparison with the literature, it is useful to rewrite the new constitutive relations
in terms of an energy velocity vµ, instead of the horizon normal uµ. The result is:
T µν = (ǫ+ p)vµvν + pηµν − s
2π
πµν , (72)
Jµa = nav
µ − TσabP µν∂ν µ
b
T
−
(
4
π
κabcµ
bµc + 8πλaT
2 − 8na
ǫ+ p
(
1
3π
κbcdµ
bµcµd + 2πλbµ
bT 2
))
ωµ ,
(73)
σab =
(
δca −
naµ
c
ǫ+ p
)
σ˜cb =
s1/3
24/3π
(
δab −
2µ(anb)
ǫ+ p
+
µcµ
cnanb
(ǫ+ p)2
)
, (74)
where the (first-order) difference between the velocities uµ and vµ is given by:
vµ = uµ − µa
s
σabP µν∂ν
µb
T
− 8
ǫ+ p
ωµ
(
1
3π
κabcµ
aµbµc + 2πλaµ
aT 2
)
. (75)
These constitutive relations are of the general form given in [20] for the hydrodynamics
of a 4d field theory with chiral anomalies (as derived from entropic constraints). Thus, we
have demonstrated a full correspondence between our gravitational model and a 4d fluid.
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The new λa-proportional terms have the same form as the βa terms in [20], which have been
related in [17, 18] to chiral/gravitational anomalies.
C. Entropy current from the hydrodynamics
Given a set of hydrodynamic conservation laws, one should be able to deduce an entropy
current with positive divergence. For constitutive relations of the form (72)-(73), in partic-
ular with the λa terms, this has been done in [20]. In terms of the energy velocity v
µ, the
result reads:
sµ = svµ + µaσ
abP µν∂ν
µb
T
+
8
ǫ+ p
ωµ
( s
3π
κabcµ
aµbµc − 2πµanaλbµbT
)
. (76)
Using eq. (75) to translate back from the energy velocity vµ to the horizon normal uµ, (76)
simplifies into:
sµ = suµ − 16πTλaµaωµ . (77)
This is in precise agreement with eq. (52), which we derived directly from our definition of
a generalized Wald entropy current.
In fact, given the non-negative divergence of the Wald entropy current and the equivalence
between the gravitational and hydrodynamic equations, it necessarily follows that the two
entropy currents match. The reason is that, to first order in gradients, a fluid of the type
discussed in [20] allows just one non-decreasing entropy current to be constructed from the
hydrodynamic variables.
VI. SUMMARY AND DISCUSSION
The local entropy current in Einstein gravity is a vector density directed along the hori-
zon’s generating light rays, whose flux through a spatial slice of the horizon is 1/4 of the area
of the slice. This entropy current maps via the fluid/gravity correspondence to the hydrody-
namic entropy current of a field theory. Working in the framework of the fluid/gravity corre-
spondence, we proposed a definition for a local horizon entropy current in higher-curvature
gravitational theories. This current is a vector density on the horizon hypersurface, such
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that for stationary solutions its flux equals the total Wald entropy. We demonstrated that
our entropy current is well-defined to first order in fluid gradients, for actions with an alge-
braic dependence on the curvature. It is of interest to carry the analysis further and study
the properties of the current at higher orders in fluid gradients.
As an application, we considered the correspondence between 5d Einstein-Maxwell theory
with gauge and gauge-gravitational Chern-Simons terms and 4d anomalous field theory
hydrodynamics, which has attracted much interest recently. The chiral and mixed chiral-
gravitational anomalies in the field theory exhibit new non-dissipative transport coefficients,
which are responsible for the generation of current along magnetic fields and vortices in the
fluid. In [20], the coefficient of the vortical term T 2ωµ in the current came about as a constant
of integration, and was left arbitrary. It has since been calculated in two regimes: in the
free-fermions limit [18], and in the strong-coupling supergravity limit [17]. The vortical
conductivity was found to be proportional to the chiral/gravitational anomaly, with the
same proportionality constant in the two regimes.
In this work, we carried out the analysis of the horizon dynamics along the lines of
[13], and established fully the fluid/gravity duality between the anomalous quantum field
theory hydrodynamics and the dynamics of an Einstein-Maxwell black brane with a gauge-
gravitational Chern-Simons term. In particular, the entropy current as defined in the field
theory hydrodynamics coincides with our proposed Wald entropy current. The results pro-
vide further support to the relationship between the vortical conductivity and the mixed
chiral/gravitational triangle anomaly. In particular, our analysis of the horizon dynamics
was not restricted to conformal fluids, thus supporting a rather general relation between the
vortical conductivity and the chiral/gravitational anomaly. Still, it remains to be proven
that this holds at arbitrary coupling.
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Appendix A: Chern-Simons contribution to the focusing equation
In this appendix we calculate the contribution to the focusing equation from the mixed
gauge-gravitational Chern-Simons term. This contribution comes from the last term on the
RHS of (53), twice contracted with the horizon normal:
2λaℓ
AℓB
(
gACg
BD + δBC δ
D
A
)
ǫCKLMN∇E
(
F aKLRMND
E
)
=
2λau
α (gαCδ
r
D + δ
r
CgDα) ǫ
CKLMN∇E
(
F aKLRMN
DE
)
.
(A1)
Before contracting with uα, let us write down the full expression for
(gαCδ
r
D + δ
r
CgDα) ǫ
CKLMN∇E
(
F aKLRMN
DE
)
. It will be needed in appendix C as well.
(gαCδ
r
D + δ
r
CgDα) ǫ
CKLMN∇E
(
F aKLRMN
DE
)
= (gαCδ
r
D + δ
r
CgDα)
(
ǫCKLMN∂E
(
F aKLRMN
DE
)
+ ΓCEBǫ
BKLMNF aKLRMN
DE
) (A2)
= 2gαrǫ
κλµν∂ǫ (F
a
κλRµν
rǫ) + 2gασǫ
σκµν∂ǫ (F
a
κrRµν
rǫ) + 2gασǫ
σκλµ∂ǫ (F
a
κλRµr
rǫ)
+ ǫκλµνgδα∂r
(
F aκλRµν
δr
)
+ ǫκλµνgδα∂ǫ
(
F aκλRµν
δǫ
)
+ Γαǫrǫ
κλµνF aκλRµν
rǫ + 2Γαǫβǫ
βκµνF aκrRµν
rǫ + 2Γαǫβǫ
βκλµF aκλRµr
rǫ
+ Γrǫrǫ
κλµνF aκλRµνα
ǫ + 2Γrrβǫ
βκµνF aκrRµνα
r + 2Γrrβǫ
βκλµF aκλRµrα
r
+ 2Γrǫβǫ
βκµνF aκrRµνα
ǫ + 2Γrǫβǫ
βκλµF aκλRµrα
ǫ.
(A3)
The necessary Christoffel symbols, Riemann components and field strength components
are listed in appendix E.
Since we are working up to second order in derivatives, the first term in (A3) drops
immediately, using R
(0)
µν
rǫ = 0 and F
a(0)
κλ = 0.
When contracted with uα, the other terms in the first two lines of (A3) also drop, since
on the horizon we have g
(0)
βαu
α = 0.
We are left with the last three lines of (A3), contracted with uα. Let’s have a look at
each term separately:
uαΓ(0)αǫrǫ
κλµνF
a(1)
κλ R
(1)
µν
rǫ = −1
2
k′uǫǫ
κλµνF
a(1)
κλ [−uǫ∂µ(k′uν) + P ǫσ (. . . )] =
= k′∂µ(k
′uν)ǫ
κλµν∂κ(µ
auλ) = 16π
2Tǫκλµν∂κ(µ
auλ)∂µ(Tuν)
2uαΓ
(1)
αǫβǫ
βκµνF (0)aκr R
(1)
µν
rǫ ∼ ǫβκµνΓ(1)αǫβuκuα [−uǫ∂µ(k′uν) + uν (. . . )] ∼ Γ(1)αǫβuǫuα = 0
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2uαΓ
(1)
αǫβǫ
βκλµF
a(1)
κλ R
(0)
µr
rǫ ∼ uαΓ(1)αǫβǫβκλµ
[
uµu
ǫ(. . . ) + δǫµ(. . . )
]
∼ Γ(1)αǫβuǫuα + ǫβκλµΓ(1)αµβ = 0
uαǫκλµνF
a(1)
κλ
(
Γr(0)ǫr R
(1)
µνα
ǫ + Γr(1)ǫr R
(0)
µνα
ǫ
)
= uαǫκλµνF
a(1)
κλ Γ
r(0)
ǫr R
(1)
µνα
ǫ + uαR(0)µνα
ǫ (. . . )
= −k
′
2
(
uαuǫR
(1)
µνα
ǫ
)
ǫκλµνF
a(1)
κλ = k
′ǫκλµν∂µ(k
′uν)∂κ(µ
auλ)
= 16π2Tǫκλµν∂κ(µ
auλ)∂µ(Tuν)
2uαǫβκµνR(1)µνα
r
(
Γ
r(0)
rβ F
a(1)
κr + Γ
r(1)
rβ F
a(0)
κr
)
∼ uαR(1)µναr = 0
2uαΓrrβǫ
βκλµF aκλRµrα
r ∼ uαR(0,1)µrα r = 0
2uαΓrǫβǫ
βκµνF aκrRµνα
ǫ ∼ uαR(0)µναǫ (. . . ) + uαΓr(1)ǫβ ǫβκµνF a(0)κr R(1)µναǫ
∼ 0 + uαΓr(1)ǫβ ǫβκµνuκR(1)µναδ (P ǫδ − uδuǫ)
= ǫβκµνuκ
(
R(1)µνα
δuαP ǫδ
)
(. . . ) + Γ
r(1)
ǫβ u
ǫ(. . . ) = ǫβκµνuκuµ(. . . ) + 0 = 0
2uαΓ
r(1)
ǫβ ǫ
βκλµF
a(1)
κλ R
(0)
µrα
ǫ ∼ uαΓr(1)ǫβ ǫβκλµF a(1)κλ
(
uǫ(. . . ) + δǫµ(. . . )
)
= Γ
r(1)
ǫβ u
ǫ(. . . ) + ǫβκλµΓ
r(1)
µβ = 0 .
Summing up, we eventually get:
2λau
α (gαCδ
r
D + δ
r
CgDα) ǫ
CKLMN∇E
(
F aKLRMN
DE
)
= 64λaπ
2Tǫκλµν∂κ(µ
auλ)∂µ(Tuν). (A4)
This is the contribution to the focusing equation from the mixed gauge-gravitational
Chern-Simons term.
Appendix B: Chern-Simons contribution to the Gauss law
In this appendix, we derive the relation (68), i.e:
ǫµνρσRµνA
BRρσB
A = 32π2ǫµνρσ∂µ(Tuν)∂ρ(Tuσ) . (B1)
All metric and Riemann components needed for our calculation are listed in appendix E.
We work up to second order in derivatives.
We can use the zeroth order Riemann components (eqs. (E11)-(E13)) to express
ǫµνρσRµνA
BRρσB
A to second order without using the second-order Riemann tensor. We
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start by writing:
ǫµνρσRµνA
BRρσB
A = ǫµνρσRµνABRρσ
BA
= ǫµνρσ
(
R
(0)
µνABR
(0)
ρσ
BA +R
(0)
µνABR
(1)
ρσ
BA +R
(1)
µνABR
(0)
ρσ
BA
+R
(0)
µνABR
(2)
ρσ
BA +R
(1)
µνABR
(1)
ρσ
BA +R
(2)
µνABR
(0)
ρσ
BA
)
+O(∂3) .
(B2)
We see from (E12)-(E13) that the contribution R
(0)
µνABR
(0)
ρσ
BA vanishes. The R
(2)
µνABR
(0)
ρσ
BA
term also vanishes, as follows:
ǫµνρσR
(2)
µνABR
(0)
ρσ
BA = ǫµνρσR
(2)
µναβR
(0)
ρσ
βα =
f ′k′
f
ǫµνρσR
(2)
µναβuσu
βδαρ
=
f ′k′
f
ǫµνρσR
(2)
µνρβuσu
β = 0 .
(B3)
In the last equality, we used the Bianchi identity. For the R
(0)
µνABR
(2)
ρσ
BA contribution in (B2),
we have:
ǫµνρσR
(0)
µνABR
(2)
ρσ
BA = 2ǫµνρσR(0)µνrαR
(2)
ρσ
αr
= 2ǫµνρσR(0)µνrα
(
g(0)αAR
(2)
ρσA
r + g(1)αAR
(1)
ρσA
r + g(2)αAR
(0)
ρσA
r
)
= 2ǫµνρσR(0)µνrα
(
uαR(2)ρσr
r +
1
f
P αβR
(2)
ρσβ
r + g(1)αAR
(1)
ρσA
r + 0
)
.
(B4)
The first term vanishes, since R
(0)
µνrαuα = 0. The second term also vanishes, as follows:
ǫµνρσR(0)µνrαP
αβR
(2)
ρσβ
r = −1
2
f ′k′ǫµνρσuµδ
β
νR
(2)
ρσβ
r = −1
2
f ′k′ǫµνρσuµR
(2)
ρσν
r = 0 , (B5)
where we again used the Bianchi identity. Putting everything together, we are left with the
expression:
ǫµνρσRµνA
BRρσB
A = ǫµνρσ
(
R(0)µν
ABR
(1)
ρσBA +R
(0)
µνABR
(1)
ρσ
BA
+ 2R(0)µνrαg
(1)αAR
(1)
ρσA
r +R
(1)
µνABR
(1)
ρσ
BA
)
+O(∂3) .
(B6)
We can now bring the first-order Riemann tensor to the standard index placement RµνA
B.
The indices of R
(0)
µνA
B can be raised and lowered with the zeroth-order metric. When raising
or lowering R
(1)
µνA
B, we get expressions of the form g(0)R(1) + g(1)R(0) (with indices sup-
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pressed). Whenever an R(0) factor is multiplied by another R(0), it can be dropped, since
ǫµνρσR
(0)
µνA
BR
(0)
ρσC
D = 0 due to the antisymmetric product of two uµ’s. In this way, the first
two terms in (B6) can be written as 2ǫµνρσR
(0)
µνA
BR
(1)
ρσB
A. For the last term, we have:
ǫµνρσR
(1)
µνABR
(1)
ρσ
BA = ǫµνρσ
(
R
(1)
µνA
Cg
(0)
BC +R
(0)
µνA
Cg
(1)
BC
)(
R
(1)
ρσD
Ag(0)BD +R
(0)
ρσD
Ag(1)BD
)
. (B7)
Using g
(0)
ABg
(0)BC = δCA and g
(0)
ABg
(1)BC + g
(1)
ABg
(0)BC = 0, this can be written as:
ǫµνρσR
(1)
µνABR
(1)
ρσ
BA = ǫµνρσ
(
R
(1)
µνA
BR
(1)
ρσB
A − R(0)µνAB g(1)BCR(1)ρσCA − R(0)µν BAg(1)BCR(1)ρσAC
)
. (B8)
Putting things together again, we end up with:
ǫµνρσRµνA
BRρσB
A = ǫµνρσ
(
2R
(0)
µνA
BR
(1)
ρσB
A + 2R(0)µνrαg
(1)αAR
(1)
ρσA
r
− R(0)µνAB g(1)BCR(1)ρσCA − R(0)µν BAg(1)BCR(1)ρσAC +R(1)µνABR(1)ρσBA
)
= ǫµνρσ
(
2R
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βR
(1)
ρσβ
A +R(0)µνrαg
(1)αAR
(1)
ρσA
r
− R(0)µναr g(1)rCR(1)ρσCα − R(0)µν βαg(1)βCR(1)ρσαC +R(1)µνABR(1)ρσBA
)
= ǫµνρσ
(
2R
(0)
µνA
βR
(1)
ρσβ
A +R(0)µνrα
(
g(1)αAR
(1)
ρσA
r + g(1)rAR
(1)
ρσA
α
)
− R(0)µν βαg(1)βAR(1)ρσαA +R(1)µνABR(1)ρσBA
)
.
(B9)
The Riemann components R
(1)
µνA
B can be found in eqs. (E21)-(E27) of appendix E.
We are now ready to evaluate the expression (B9). For the R
(0)
µνA
βR
(1)
ρσβ
A term, the relevant
components of R
(1)
ρσβ
A are R
(1)
ρσβ
r and R
(1)
ρσβ
γuβP αγ . Their product with ǫ
µνρσR
(0)
µνA
β vanishes,
due to the antisymmetrized product of two uµ’s. For the second term in (B9), we have:
ǫµνρσR(0)µνrα
(
g(1)αAR
(1)
ρσA
r + g(1)rAR
(1)
ρσA
α
)
= ǫµνρσR(0)µνrα
(
− 1
f 2
hακg
(1)
κλh
λβR
(1)
ρσβ
r + 0
)
, (B10)
where hµν is the fluid (flat) metric. This term again vanishes due to an antisymmetrized
product of two uµ’s. For the third term in (B9), we have:
ǫµνρσR(0)µν
βαg
(1)
βAR
(1)
ρσα
A = ǫµνρσR(0)µν
βαg
(1)
βγR
(1)
ρσα
γ =
f ′k′
2f
ǫµνρσuµu
αg(1)νγ R
(1)
ρσα
γ . (B11)
Again the relevant components are R
(1)
ρσα
γuαP βγ , whose product with ǫ
µνρσuµ vanishes. We
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are left with the product ǫµνρσR
(1)
µνA
BR
(1)
µνB
A. This decomposes as:
ǫµνρσR
(1)
µνA
BR
(1)
µνB
A = ǫµνρσ
(
R(1)µνr
rR(1)ρσr
r + 2R(1)µνr
αR(1)ρσα
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)
.
(B12)
The ǫµνρσR
(1)
µνr
rR
(1)
ρσr
r and ǫµνρσR
(1)
µνα
βuαuβR
(1)
ρσγ
δuγuδ terms contribute ǫ
µνρσ∂µ(k
′uν)∂ρ(k
′uσ)
each. The other terms don’t contribute, as we now show:
ǫµνρσR(1)µνr
αR(1)ρσα
r = ǫµνρσ
(
uµ (. . . ) + δ
α
µ (. . . )
)
R(1)ρσα
r
= ǫµνρσ
(
uµuρ (. . . ) +R
(1)
ρσµ
r (. . . )
)
= 0 + 0 = 0
(B13)
ǫµνρσR(1)µνα
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δuδ = ǫ
µνρσR(1)µνα
βuαP γβ (uρ (. . . ) + Pργ (. . . ))
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(
uµuρ (. . . ) +R
(1)
µνα
βuαPβρ (. . . )
)
= 0 + k′ǫµνρσuµ
(
1
2f
Pνρu
λ∂λf + P
λ
ρ ∂(λuν)
)
(. . . )
= 0 + k′ǫµνρσuµ
(
∂(νuρ) +
1
2
uρu
λ∂λuν
)
(. . . ) = 0 + 0 = 0
(B14)
ǫµνρσR(1)µνα
βP αδ P
γ
βR
(1)
ρσγ
δ = ǫµνρσ
(
Pµα (. . . ) + P
β
µ (. . . )
) (
Pρβ (. . . ) + P
α
ρ (. . . )
)
= ǫµνρσ
(
Pµρ (. . . ) + PµαPρβ (. . . ) + P
β
µP
α
ρ (. . . )
)
= 0 + ǫµνρσ
(
f ′2P κµP
λ
ρ P
γ
ν P
δ
σ∂(λuγ)∂(κuδ)
+ P βµP
α
ρ
(
Pναu
λ∂λf + fP
κ
ν P
λ
α∂(κuλ)
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(. . . )
)
= 0 + ǫµνρσP βµ
(
Pνρu
λ∂λf + fP
κ
ν P
λ
ρ ∂(κuλ)
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(. . . ) = 0 .
(B15)
We finally get:
ǫµνρσR
(1)
µνA
BR
(1)
µνB
A = ǫµνρσ
(
R(1)µνr
rR(1)µνr
r +R(1)µνα
βuαuβR
(1)
ρσγ
δuγuδ
)
= 2ǫµνρσ∂µ(k
′uν)∂ρ(k
′uσ) = 32π
2ǫµνρσ∂µ(Tuν)∂ρ(Tuσ)
(B16)
ǫµνρσRµνA
BRµνB
A = ǫµνρσR
(1)
µνA
BR
(1)
µνB
A +O(∂3)
= 32π2ǫµνρσ∂µ(Tuν)∂ρ(Tuσ) +O(∂
3) .
(B17)
Eq. (B1) is therefore demonstrated.
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Appendix C: Chern-Simons contribution to the Gauss-Codazzi equation
In this appendix, we derive eq. (67), i.e.:
(
gµCg
rD + δrCδ
D
µ
)
ǫCKLMN∇E
(
F aKLRMND
E
)
= −32π2Tuµǫνρσλ∂ν(µauρ)∂σ(Tuλ)− 8suν∂[µ
(
Qa
s
ων]
)
,
(C1)
where Qa ≡ (aa(fk′′ − f ′k′) + a′afk′) = f 2(k′aa/f)′.
In appendix A, eq. (A3), we have already written the full expression for the LHS of (C1).
Let us now use the Christoffel symbols, Riemann components and field strength compo-
nents from appendix E to evaluate each term in (A3) separately (this time without projecting
their vector index).
Up to second order in derivatives, we have:
2gαrǫ
κλµν∂ǫ (F
a
κλRµν
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ǫ∂ǫ
(
aa
(
k′′
2
− f
′k′
4f
))
− 4fPασǫσκλµ∂κ (aauλ) ∂µ
(
f ′k′
4f
)
+ (2k′′f − f ′k′) aa [2ωα∂ǫuǫ + 2uǫ∂ǫωα − uα∂ǫωǫ]
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Γrǫrǫ
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f ′
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f ′√
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f ′
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where we have used the following definitions:
acceleration vector : aµ ≡ uν∂νuµ , (C2)
vorticity vector : ωµ ≡ 1
2
ǫµνρσuν∂ρuσ , (C3)
as well as some geometrical identities (explained in section V of [13]):
Pασǫ
σκµνaκ∂µuν = 0
uν∂µων = −ων∂µuν
aνων =
1
2
∂νω
ν
uν∂νωµ = uµaνω
ν +
1
2
ǫµαβγu
αuν∂ν∂
βuγ
ωµ∂µuα = ω
µPαν∂
νuµ .
(C4)
Summing all the terms, we get:
2k′uαǫ
κλµν∂κ (a
auλ) ∂µ (k
′uν)
+ 4Qauǫ∂ǫωα − 2Qauα∂ǫωǫ + 4Qaωǫ∂ǫuα + 4Qaωα∂ǫuǫ + 4ωαuǫ∂ǫQa
= −32π2Tuαǫκλµν∂κ (µauλ) ∂µ (Tuν)− 8suν∂[µ
(
Qa
s
ων]
)
, (C5)
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where we defined Qa(xµ) ≡ (aa(fk′′ − f ′k′) + a′afk′) = f 2(k′aa/f)′, and used the definitions
(E2) of the thermal parameters. We also used the the first-order focusing equation ∂µ(su
µ) =
0 (entropy conservation) for the last equality. Eq. (C1) is therefore demonstrated.
Appendix D: Chern-Simons corrections to the hydrodynamic constitutive relations
In this appendix, we derive the contributions (71) to the charge currents and the stress
tensor from the λa terms in the Einstein-Maxwell equations (70)-(69).
Using the equivalence (61) to relate the new contributions to conservation laws, one gets:
− 1
8π
δErµ +
1
4π
µauµδM
r
a ⇒ ∂ν
(
δT νµ
)
= 0
1
4π
δM ra ⇒ ∂µ (δJµa ) = 0 .
(D1)
Then using the explicit form of the new contributions (70)-(69) (remember those were on
the RHS of the field equations), one gets:
−8πλa
{
2Tuµ∂ν(µ
aTων)− 4suν∂[µ
(
µaT 2
s
ων]
)
+ µauµ∂ν(T
2ων)
}
⇒ ∂νT νµ = 0
−∂µ(8πλaT 2ωµ) ⇒ ∂µJµa = 0 ,
(D2)
where we have used
ǫµνρσ∂µ(Tuν)∂ρ(Tuσ) = 2∂µ(T
2ωµ) (D3)
ǫµνρσ∂µ(µ
auν)∂ρ(Tuσ) = 2∂µ(µ
aTωµ) . (D4)
For the stress-energy tensor, some more work is required. Let us develop it a bit:
− 8πλa
{
2Tuµ∂ν(µ
aTων) + µauµ∂ν(T
2ων)− 4suν∂[µ
(
µaT 2
s
ων]
)}
= (D5)
− 8πλa
{
3∂ν(µ
aT 2uµω
ν)− 2∂ν(Tuµ)µaTων − ∂ν(µauµ)T 2ων (D6)
− 4uν∂[µ(µaT 2ων]) + 2suνµaT 2ωµ∂ν
(
1
s
)}
. (D7)
Using the first-order focusing equation ∂µ(su
µ) (see text above eq. (14)) and remembering
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we are only interested in second order in derivatives, this becomes:
=− 8πλa
{
3∂ν(µ
aT 2uµω
ν)− 3ων∂νuµµaT 2 − ∂ν(µaT 2)uµων
+ 2∂ν(µ
aT 2uνωµ) + 4µ
aT 2ω[ν∂µ]u
ν + 2µaT 2ωµ∂νu
ν
}
=− 8πλa
{
4∂ν(µaT 2u(µων)) + ∂ν(µ
aT 2uµω
ν)
− 2ων∂νuµµaT 2 − ων∂ν(µaT 2uµ) + 2µaT 2ων∂µuν
}
=− 8πλa
{
4∂ν(µaT 2u(µων)) + ∂ν(µ
aT 2uµω
ν)− 4µaT 2ων∂[νuµ] − ων∂ν(µaT 2uµ)
}
.
Using the hydrodynamic identity:
ων∂[νuµ] =
1
2
uµω
νaν =
1
4
uµ∂νω
ν , (D8)
where aµ = u
ν∂νuµ is the acceleration vector, only the first term survives. We finally get:
−32πλa∂ν(µaT 2u(µων)) ,
ending up with:
δT µν = −32πλaµaT 2u(µων) (D9)
δJµa = −8πλaT 2ωµ (D10)
We have thus demonstrated eqs. (71).
Appendix E: List of Christoffel symbols, Riemann components and field strength
components
We now summarize the Christoffel symbols, Riemann components and field strength
components which we need for the calculations in the previous appendices.
As mentioned in sections IIC and IVA, we use the following hydrodynamic ansatz for
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the bulk fields (metric and gauge potential) in the neighborhood of the horizon:
grr = 0; grµ = −uµ; g(0)µν = f(r, xµ)Pµν + k(r, xµ)uµuν ;
Aar = 0; A
a(0)
µ = a
a(r, xµ)uµ ,
(E1)
with first order corrections to the metric g
(1)
µν satisfying g
(1)
µν uν = 0 on the horizon, and first
order corrections A
a(1)
µ to the gauge potential.
On the horizon gµν becomes degenerate, i.e. k(0) = 0. The other functions and their
radial derivatives are related (at zeroth order) to thermal parameters as follows (cf. II C,
IVA):
f(0) = (4s)2/3; k′(0) = −4πT ; aa(0) = −µa; a′a(0) = πna/s , (E2)
where primes stand for derivatives with respect to the r coordinate.
The inverse metric in the neighborhood of the horizon at zeroth order immediately follows:
g(0)rr = −k(r); g(0)rµ = uµ; g(0)µν = 1
f(r)
P µν . (E3)
The corrections to the inverse metric are found as:
g(1)AB = −g(0)ACg(1)CDg(0)DB . (E4)
This gives:
g(1)rr = −uσg(1)σδ uδ r=0−−→ 0
g(1)rµ = − 1
f(r)
uσg
(1)
σδ P
δµ r=0−−→ 0
g(1)µν = − 1
f 2(r)
P µσg
(1)
σδ P
δν r=0−−→ − 1
f 2(0)
hµσg
(1)
σδ h
δν ,
(E5)
where “r = 0” indicates the horizon value, and hµν is the 4d fluid (flat) metric.
The conventions for the Christoffel symbols and the Riemann are as follows:
ΓABC = ∂(BgC)A − 1
2
∂AgBC (E6)
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ΓABC = g
ADΓDBC (E7)
RABC
D = ∂BΓ
D
AC + Γ
D
BEΓ
E
AC − (A↔ B) . (E8)
The non-vanishing lower Christoffel symbols at zeroth order read:
Γ(0)µrν =
1
2
(f ′Pµν + k
′uµuν); Γ
(0)
rµν = −
1
2
(f ′Pµν + k
′uµuν) . (E9)
The non-vanishing upper Christoffel symbols at zeroth order are:
Γr(0)rµ = −
1
2
k′uµ; Γ
µ(0)
rν =
f ′
2f
P µν ; Γ
µ(0)
νρ = −
1
2
uµ(f ′Pνρ + k
′uνuρ)
Γr(0)µν =
1
2
k(r)(f ′Pµν + k
′uµuν)
r=0−−→ 0 .
(E10)
The Riemann tensor components of type RµνA
B read:
R(0)µνr
r = R(0)µνρ
r = 0; R(0)µνr
ρ r=0−−→ −f
′k′
4f
uµP
ρ
ν − (µ↔ ν)
R(0)µνρ
σ r=0−−→ f
′k′
4
uµu
σPνρ − (µ↔ ν) .
(E11)
The nonzero components of R
(0)
µνAB are:
R(0)µνrρ = −
1
4
f ′k′ℓµPνρ − (µ↔ ν) . (E12)
The Riemann tensor components of type Rµν
AB are:
R(0)µν
ρr = 0; R(0)µν
ρσ r=0−−→ f
′k′
4f
uµ(u
σP ρν − uρP σν )− (µ↔ ν) . (E13)
Some more Riemann components at zeroth order which we will need:
R(0)µrα
ǫ r=0−−→ − 1
2
uǫ
(
Pµα
(
f ′′ − f
′2
2f
)
+ uµuαk
′′
)
+
f ′k′
4f
P ǫµuα
R(0)µr
rǫ r=0−−→ g(0)rβR(0)µrβǫ =
1
2
uǫuµk
′′ − f
′k′
4f
P ǫµ
R(0)µrα
r r=0−−→ g(0)rβg(0)rρ R(0)αβµρ =
f ′k′
4
Pαµ .
(E14)
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The first-order lower Christoffel symbols are constructed from the derivatives ∂µg
(0)
AB and
∂rg
(1)
AB. The nonzero components are:
Γ(1)µrν =∂[µuν] +
1
2
g′(1)µν ; Γ
(1)
rµν = −∂(µuν) −
1
2
g′(1)µν
Γ(1)µνρ =−
1
2
Pνρ∂µf + Pµ(ν∂ρ)f − 1
2
uνuρ∂µk + uµu(ν∂ρ)k
+ (f + k)
(−∂µu(νuρ) + ∂ρu(µuν) + ∂νu(µuρ)) .
(E15)
The first-order upper Christoffel symbols are found as:
Γ
A(1)
BC = g
(1)ADΓ
(0)
DBC + g
(0)ADΓ
(1)
DBC . (E16)
The nonzero components read:
Γr(1)rµ =
1
2
aµ +
1
2
uνg′(1)µν −
f ′
2f
uρg
(1)
ρδ P
δ
µ
r=0−−→ 1
2
(
aµ + u
νg′(1)µν
)
(E17)
Γµ(1)rν =
1
f
(
P µρ∂[ρuν] +
1
2
P µρg′(1)ρν −
f ′
2f
P µρg
(1)
ρδ P
δ
ν
)
(E18)
Γr(1)µν =
1
2
kg′(1)µν +
1
2
uσg
(1)
σδ u
δ (f ′Pµν + k
′uµuν)− 1
2
(
Pµνu
β∂βf + uµuνu
β∂βk
)
− u(µ∂ν)k − fP ρµP σν ∂(ρuσ) − ka(µuν) r=0−−→ −
1
2
Pµνu
ρ∂ρf − fP ρµP σν ∂(ρuσ)
(E19)
Γµ(1)νρ =
1
f
(
−1
2
PνρP
µβ∂βf + P
µ
(ν∂ρ)f −
1
2
uνuρP
µα∂αk
)
+
(
1 +
k
f
)(−P µα∂αu(νuρ) + u(ν∂ρ)uµ)− uµ
(
∂(νuρ) +
1
2
g′(1)νρ
)
+
1
2f
uρg
(1)
ρδ P
δµ (f ′Pνρ + k
′uνuρ)
r=0−−→ 1
f
(
P µ(ν∂ρ)f −
1
2
PνρP
µσ∂σf
)
+ u(ν∂ρ)u
µ − ∂µu(νuρ) − uµ
(
P σν P
λ
ρ ∂(σuλ) +
1
2
g′(1)νρ
)
,
(E20)
where
aµ ≡ uν∂νuµ
is the acceleration vector.
First-order Riemann components whose r dependence is needed:
R(1)µνr
r =
1
2
∂µ(k
′uν) +
f ′
2f
(
k∂[νuµ] − 1
2
uν∂µk
)
− (µ↔ ν) r=0−−→ 1
2
∂µ(k
′uν)− (µ↔ ν) (E21)
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R(1)µνρ
r =
1
4
∂νk (f
′Pµρ + k
′uµuρ) +
1
2
k (∂νf
′Pµρ + ∂νk
′uµuρ) + k(f
′ + k′)∂νu(µuρ)
− 1
2
k′uν
(
−1
2
uσ∂σfPµρ − 1
2
uρ∂µk − fP σρ ∂(µuσ) −
1
2
kaµuρ
)
+
kf ′
2f
(
−1
2
PµρP
δ
ν ∂δf +
1
2
Pνρ∂µf − 1
2
uµuρ∂νk
)
+
kf ′
2
(
1 +
k
f
)(−P δν ∂δu(µuρ) + u(µ∂ρ)uν)+ kk′2 uν∂(µuρ) − (µ↔ ν)
r=0−−→ − 1
2
k′uµ
(
1
2
Pνρu
σ∂σf + fP
λ
ν P
σ
ρ ∂(λuσ)
)
− (µ↔ ν)
(E22)
R(1)µν
ρr =
1
2
uρuν∂µk
′ +
(
k′ − kf
′
f
)[
1
2
uρ∂µuν +
1
4
(
1− k
f
)
uν∂µu
ρ
+
1
4
(
1 +
k
f
)
uνP
ρσ∂σuµ +
1
4f
P ρµP
δ
ν ∂δf
]
− 1
4f
P ρµ
(
k′ +
kf ′
f
)
∂νf
− f
′
4f
∂µk(u
ρuν + P
ρ
ν ) +
k
2f
∂νf
′ P ρµ − (µ↔ ν)
r=0−−→ 1
2
uρ∂µ(k
′uν) +
k′
4
uν
[
2P ρσ∂(σuµ) +
1
f
P ρµu
δ∂δf
]
− (µ↔ ν) .
(E23)
For the other needed Riemann components (whose r dependence is not needed), we have:
R(1)µνr
ρ r=0−−→ 1
4f
uµ
{
f ′
(
1
f
P ρν u
σ∂σf + 2P
ρσ∂(σuν)
)
− k′
(
2P ρσ∂[σuν] + P
ρσg′(1)σν −
f ′
f
P ρσg(1)σν
)}
+
1
2
P ρµ
(
∂ν
f ′
f
− f
′
2f
(aν + g
′(1)
νσ u
σ)
)
− (µ↔ ν)
(E24)
R(1)µνρ
σ r=0−−→ − 1
4
(f ′Pµρ + k
′uµuρ)
(
1
f
P σν u
λ∂λf + P
λ
ν ∂λu
σ + ∂σuν − uσg′(1)νλ uλ
)
− u
σuµ
2
{√
fPνρu
λ∂λ
f ′√
f
+ uρ∂νk
′ + k′
(
∂[νuρ] − g
′(1)
νρ
2
)
+ f ′P λρ ∂(λuν)
}
+
1
2
uσ
(
k′uρ∂µuν − fPµρP λν ∂λ
f ′
f
)
+
1
2
f ′P σµ
(
1
2f
Pνρu
λ∂λf + P
κ
ν P
λ
ρ ∂(κuλ)
)
− (µ↔ ν)
(E25)
R(1)µrα
r r=0−−→ grβ(0)g(0)rρ R(1)αβµρ = −
1
2
uµPαλ∂
λk′ +
k′
4
(
∂µuα − uµaα − Pαλ∂λuµ
)
− f
′
2
Pλ(µ∂
λuα) − 1
2
√
fPαµu
λ∂λ
(
f ′√
f
)
+
k′
4
(
uµu
λg
′(1)
λα + P
λ
αg
′(1)
λµ
)
+
1
4
[f ′Pµα + k
′uµuα] u
δg
′(1)
δλ u
λ .
(E26)
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Sometimes it’s useful to decompose the last two indices of R
(1)
µνρ
σ along and orthogonally to
uµ:
R(1)µνρ
σuρuσ
r=0−−→ 1
2
∂µ(k
′uν)− (µ↔ ν)
R(1)µνρ
βuρP σβ
r=0−−→ 1
2
k′uµ
(
1
2f
P σν u
λ∂λf + P
σλ∂(λuν)
)
− (µ↔ ν)
R(1)µνα
σP αρ uσ
r=0−−→ 1
2
uµ
(√
fPνρu
λ∂λ
f ′√
f
+ f ′P λρ ∂(λuν) + k
′
(
P λρ ∂[νuλ] −
1
2
g
′(1)
νλ P
λ
ρ
))
+
1
2
Pµρ
(
fP λν ∂λ
f ′
f
− 1
2
f ′(aν + g
′(1)
νλ u
λ)
)
− (µ↔ ν)
R(1)µνα
βP αρ P
σ
β
r=0−−→ 1
2
f ′
(
P σµ
(
1
f
Pνρu
λ∂λf + P
κ
ν P
λ
ρ ∂(κuλ)
)
− PµρP κν P σλ∂(κuλ)
)
− (µ↔ ν) .
(E27)
As for the field strength tensor, all we will need is:
Aa(0)r = A
a(1)
r = 0; A
a(0)
µ = a
a(r, xµ)uµ
F a(0)κr = −a′auκ; F a(0)µν = 0
F a(1)κr = −Aaκ′(1); F a(1)µν = ∂µ(aauν)− ∂ν(aauµ)
F a(2)µν = ∂µ(A
a
ν
(1))− ∂ν(Aaµ(1)) .
(E28)
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